The presence of mean-motion resonances (MMRs) in exoplanetary systems is a new exciting field of celestial mechanics which motivates us to consider this work to study the dynamical behaviour of exoplanetary systems by time evolution of the orbital elements of the planets. Mainly, we study the influence of planetary perturbations on semimajor axis and eccentricity. We identify (r + 1) : r MMR terms in the expression of disturbing function and obtain the perturbations from the truncated disturbing function. Using the expansion of the disturbing function of three-body problem and an analytical approach, we solve the equations of motion. The solution which is obtained analytically is compared with that of obtained by numerical method to validate our analytical result. In this work, we consider three exoplanetary systems namely Kepler-62, HD 200964 and Kepler-11. We have plotted the evolution of the resonant angles and found that they librate around constant value. In view of this, our opinion is that two planets of each system Kepler-62, HD 200964 and Kepler-11 are in 2:1, 4:3 and 5:4 mean motion resonances, respectively.
INTRODUCTION
The exoplanets are planets outside our Solar system and which have been detected since 1989. The first multiple exoplanet system was discovered by Wolszczan & Frail (1992) and found two very low-mass objects orbiting the pulsar PSR B1257+12 with the help of pulse timing methods. Over the last decades, the discovery of exoplanetary systems increases. More than 1000 exoplanets (see e.g., http:/www.exoplanet.eu) have been discovered by 2015 December. Among these known exoplanets, there is a total of 504 known multiplanetary systems where each star has at least two confirmed planets and some system with more than one planet have near resonant orbital configurations (see e.g., http://exoplanet.eu/catalog/, an online data base for exoplanetary systems developed by Schneider et al. (2011) ). In our Solar system and similar exoplanetary systems, mean motion resonances(MMRs) are common feature (Mustill & Wyatt 2011) . MMRs occur when two orbital periods are near a ratio of two small integers (Petrovich et al. 2013) , and the resonant argument(certain combination of orbital angles) is librating. In our own Solar system 5:2, 3:1 and 2:1 near MMRs occur in Jupiter-Saturn, SaturnUranus and Uranus-Neptune systems. In the exoplanetary systems, only a handful of multiplanetary systems contain ⋆ E-mail: rajibmia.90@gmail.com (RM); bskush@gmail.com (BSK).
a pair of planet in MMRs. The majority of which are in 2:1 MMR (Beaugé et al. 2006) . For example, GL 876, HD 82943 and HD 128311 are in 2:1 MMR. Also others found in 3:2 (Malhotra 1993b) , 4:3 MMR (Santos et al. 2015) etc.
A lot of work has performed regarding the stability and instability of the Lagrangian points using circular or elliptical restricted three-body problem (Szebehely 2012; Papadakis 2005; Pal & Kushvah 2015) , depending on the mass ratio of the primaries and the eccentricities of the orbits.
In astronomy, the habitable zone (HZ) is a region around a star in which water can exist permanently in the liquid state at the surface of the planet. Although there are more than one thousand exoplanets, among them only a dozen of planets have been confirmed in the HZ. Kepler62e is a super-Earth like exoplanet (Borucki et al. 2013 ) discovered in orbit around star Kepler-62. This exoplanet was found using the transit method. Kepler-62e is most likely a terrestrial planet in the inner part of its host star's HZ and it has Earth similarity index 0.83. It is roughly 60 percent larger than Earth. This recently discovered system has five planets. Among these five planets, two of them Kepler62e and Kepler-62f are supposed to be in the 2:1 MMR (Borucki et al. 2013 ). The star HD 200964 have two giant exoplanets and they are separated by only 0.35 AU. The planets are in a 4:3 MMR (Johnson et al. 2011) . Kepler-11 is a Sun-like star, located approximately 2000 light years far from Earth. It is the first exoplanetary system consisting six transiting planets. Although, none of these planets be in low-ratio orbital resonances, Kepler-11b and Kepler-11c are in 5:4 MMR (Lissauer et al. 2011) . Malhotra (1993b) presented a detail theoretical analysis of three-body effects in the putative planetary system of PSR 1257+12. She provided explicit elements for the time dependence of the osculating elements that are needed for an improved timing model for the system. She has also shown that the 3:2 MMR of the orbital periods affect periodic variations of the Keplerian orbital parameters. She has obtained the expansion of disturbing function and identified only two first-order 3:2 resonance term. But we identify (r + 1) : r MMR terms in the expression of disturbing function and obtained the perturbations from the truncated disturbing function. In this manuscript, we have taken three exoplanetary systems namely Kepler-62, HD 200964 and Kepler-11 and as per our knowledge they contain planets in 2:1, 4:3 and 5:4 near MMRs, respectively. We apply theory discussed in Sections 3 and 4 individually in our three exoplanetary systems that we have chosen.
This paper is organized as follows. In Section 2, we introduce the general three-body problem and the stability of exoplanetary system. The expansions of the disturbing function and perturbation equations of orbital elements are introduced in Section 3. In Section 4, we present our secular resonance dynamics of exoplanetary system. Applications of the model for the case of 2:1 resonance are shown in Section 5 for Kepler-62 system. The case of the 4:3 resonance is discussed in Section 6 for HD 200964 system. In Section 7, the case of 5:4 is discussed for Kepler-11 system. Finally, Section 8 is devoted to conclusions.
GENERAL THREE BODY-PROBLEM AND DYNAMICAL STABILITY
Suppose the barycentric position vectors of star and two planets be R⋆, R1 and R2 respectively. Let two planets of masses M1 and M2 orbiting a star of mass M⋆. Let the Jacobi coordinates r1 and r2 be the position of M1 relative to M⋆ and position of M2 relative to the centre of mass M⋆ and M1. We notice that this system is different from the restricted problems in which one of the bodies must have negligible mass. Also we ignore the effects of oblateness of star and the planets. We assume that the planets in all system are coplanar. This approximation of coplanarity makes sense because for exoplanets, their mutual inclination is not known with any precision, and is taken equal to zero (Beaugé et al. 2003) . Let ai, ei, λi and ωi be the semimajor axis, eccentricity, mean longitude and the longitude of the pericentre of the ith planet for i = 1, 2.
In the three-body problem, one of the interesting topic is the stability of the Solar system or exoplanetary system. Although, in celestial mechanics it is the unsolved problem till now, many scientist studied this because of its importance in many areas like space science, astronomy and astrophysics. In the context of planets and exoplanets formulation, Graziani & Black (1981) studied conditions under which model planetary systems which consisting of a star and two planets with coplanar and initially circular orbits. Based on their results, they obtained a necessary condition for orbital stability
where M1 and M2 are masses of planetary companions and M⋆ is the mass of the star. The parameter ∆ is the ratio of the separation distance between the companions of their mean distance from the star. Specifically they defined
where a1 and a2 are the semimajor axes of the inner and outer orbits, respectively. The system will be unstable for the case µ µcrit within a few tens of planetary orbits. In recent years, several exoplanetary systems have been discovered and it is very interesting to know their dynamical stability. There are several authors (Fabrycky & Murray-Clay 2010; Couetdic et al. 2010; Davies et al. 2014; Adams & Bloch 2015; Petrovich 2015) who have studied about the stability of exoplanetary systems. Davies et al. (2014) have reviewed the long-term dynamical evolution of the planetary systems. They have discussed the planet-planet interactions that take place within our own Solar system and in more tightly-packed planetary systems. Some system becomes dynamically unstable because of planet-planet interactions build up and this lead to strong encounters and ultimately either ejections or collisions of planets. It was shown that the Solar system is chaotic, but the four giant-planet sub-system of the Solar system is stable although the terrestrial-planet sub-system is marginally unstable with a small change of planet-planet encounters during the lifetime of the Sun.
Likewise here we discuss the dynamical stability of twoplanet sub-system of Kepler-62 system, HD 200964 system and two-planet sub-system of Kepler-11 system. Petrovich (2015) provides an independent review on the stability of two-planet systems. They studied the dynamical stability and fates of hierarchical (in semimajor axis) two-planets systems with arbitrary eccentricities and mutual inclinations. They proposed the following new criteria for dynamical stability
where,
ain and aout are the semimajor axes of the inner and outer planet and µin and µout are the planet-to-star mass ratios of the inner and outer planets, respectively. The hierarchical two planets systems are stable if they satisfy the condition in equation (3) 
EXPANSION OF THE DISTURBING FUNCTION AND PERTURBATION EQUATIONS OF ORBITAL ELEMENTS
The expansion of the disturbing function in the orbital eccentricities to first order for the periodic terms and to second order for the secular terms is given as (Malhotra 1993a )
Also the Laplace coefficients b cos jp dp
From equations (4) and (7), we can determine two terms associated with the two first-order r + 1 : r arguments, namely θ1 = (r + 1)λ2 − rλ1 − ω1 and θ2 = (r + 1)λ2 − rλ1 − ω2, where λ1 and λ2 are the mean longitudes of planet 1 and planet 2, respectively. Therefore, the truncated disturbing function is
where
Now using the truncated disturbing function of Eq. (8), we obtain the perturbation equations for the time variation of the orbital elements as: the time variation of the semi-major axes arė
× sin{(r + 1)λ2 − rλ1 − ω1}
The time variation of the eccentricities:
The time variation of the periastrons:
If we put r = 2 in the above results, disturbing function and the time variations of orbital elements agree with that of Malhotra (1993b) .
SECULAR RESONANCE DYNAMICS OF EXOPLANETARY SYSTEM
In this section we discuss the long-term variations of the eccentricities of the exoplanets by secular theory with MMR. It is convenient to define the vertical and horizontal components of eccentricity by pj = ej sin ωj, qj = ej cos ωj .
These new variables have the advantage that they can remove the singularities at zero eccentricity in Eqs. (13)- (16). After some calculation, we obtain the equations for the variation of pj and qj(j = 1, 2) aṡ
These are the first-order differential equations and hence the problem of secular perturbations reduces to the eigenvalue problem, where the coefficient matrix A is given by
The solutions are given by the superposition of free oscillations and forced oscillations as
where the frequencies gi (i = 1, 2) are the eigenvalues of the coefficient matrix A and eji are the component of the two corresponding eigenvectors. The normalization of eigenvectors and phases βi can be determined by the initial conditions. The amplitude of forcing is given as
where B = [A − {(r + 1)n2 − rn1}I] and I denotes a 2 × 2 identity matrix. Now if there is no MMR, then equation (22) reduces to
eji cos(git + βi). 1 resonance between these two planets. In this case the two terms associated with the two first-order 2:1 arguments are θ1 = 2λ2 − λ1 − ω1 and θ2 = 2λ2 − λ1 − ω2, where λ1, λ2 are the mean longitudes and ω1, ω2 are periastron longitudes of Kepler-62e and Kepler-62f, respectively. Also the apsidal lock between the orbiting companions is another important feature for the resonant systems. The relative apsidal longitudes is defined as ∆ω = ω1 − ω2. If atleast one of the resonant angles among θ1 and θ2 librates around a constant value, then it is said to be in 2:1 MMR. Moreover, the system is said to be in apsidal co-rotation if ∆ω also librates. In Fig. 6 , we depict the evolution of the resonant angles θ1, θ2 and ∆ω. From this figure, one can observe the behaviour of the resonant angles against time. We see that the two resonant angles θ1 and θ2 are librating about 0 rad, also ∆ω librates around 0 rad. This results imply that the two planets Kepler-62e and Kepler-62f of Kepler-62 system are nearly 2:1 MMR and besides in apsidal co-rotation. It is also noticed that the peak-to-valley amplitude of libration of θ1, θ2 and ∆ω are around 12, 6 and 6.1 rad, respectively. The resonance angle θ1 goes to large amplitude oscillations. It may be due to the planet's large angular displacement from the periastron of its orbits (Ketchum et al. 2013 ). Now, if we put r = 1 in Section 3, we can obtain the perturbation equations for the time variation of the orbital elements. First we solve the equations for the semimajor axes. For this, we integrate equations (11) and (12) and then variations of the semimajor axes are given by a1(t) = a1,0+δa1(t), a2(t) = a2,0 + δa2(t), where
Using the data given in Table 1 , we can determine nj = 2π P j , j = 1, 2, where j = 1 means planet Kepler-62 and j = 2 for Kepler-62f. Now from equations (24) and (25), we observe that there are two components for the variations in the semimajor axes. In the first component, period is equal to the period of the planets, 
−3 . In Fig.1 , curve (I) represents the time variation of semimajor axis of planet Kepler-62e for the time interval t ∈ (0, 10) and curve (II) for long time t ∈ (0, 10000). For the same time interval, we have shown the time variation of the semimajor axis of planet Kepler-62f (in Fig.2) . Also, a comparison between numerical and analytical solution for the time variation of the semimajor axes is shown in Fig.3 to vali- 
Secular resonance dynamics of Kepler-62 system
Now we draw attention to the secular theory of Kepler-62 system by considering two planets, Kepler-62e and Kepler62f, where the two planets are in 2 : 1 MMR. We avoid the contributions from planets Kepler-62b, Kepler-62c and Kepler-62d because their contributions are much less than that of the mutual effect of two outer planets. Hence, we discuss secular resonance dynamics of planets Kepler-62e and Kepler-62f by ignoring the other planets. In this case
The solutions for the eccentricities can be written as
where B = [A − (2n2 − n1)I]. Using the theory as discussed in Section 4, we obtain two eigenfrequencies, g1 = 1.57246 × 10 −3 rad yr −1 and g2 = 2.65518 × 10 −4 rad yr
together with β1 = −1.27048 rad, β2 = 1.14194 rad, and F1 = 1.09302 × 10 −3 , F2 = −1.29804 × 10 −3 , where eji are given in Table 3 . The evolution of the eccentricities of the planets Kepler-62e and Kepler-62f are depicted in Fig. 5 . It is clear that when one eccentricity reaches its maximum value, the other remains at its minimum value and conversely when one eccentricity is minimum, then other reaches exactly its minimum value. Also the eccentricity of Kepler-62e oscillates between 0.03230 and 0.05391 and eccentricity of Kepler-62f oscillates between 0.04154 and 0.04787. Figure 6 . The evolution of the resonant angles θ 1 (a), θ 2 (b) and apsidal angle ∆ω (c) of Kepler-62 system. Note that θ 1 , θ 2 and ∆ω librate around 0 and the peak-to-valley amplitude of these librations are around 12, 6 and 6.1 rad, respectively. apsidal angle ∆ω against time. From this figure, we see that θ1 librates around 0 rad with a larger amplitude of ±11.34 rad and θ2 librates around 0 rad with an amplitude of ±8 rad. This larger amplitude variations may be due to the planet's large angular displacements from the periastrons of its orbits (Ketchum et al. 2013) . The libration of these two resonant angles confirm that there exists 4:3 MMR between the two planets of the system HD 200964. Also the apsidal angle ∆ω librates about 0 rad with an amplitude of ±2.8 rad, which indicates that there exists an apsidal libration between two planets HD 200964b and HD 200964c. Now, the perturbation equations for the time variation of the semimajor axes can be obtained by substituting r = 3 (in Section 3). We solve the equations for the semimajor axes then the variations of the semimajor axes are given by a1(t) = a1,0 + δa1(t), a2(t) = a2,0 + δa2(t), where
where θj(t) = (4n2 − 3n1)t + 4(σ2 + ω2)
We can determine nj = 2π P j , j = 1, 2 using the data given in the Table ( 2) where j = 1 represents planet HD 200964b and j = 2 for HD 200964c. For this case we observe that there are two components for the variations in the semimajor axes (see equation (29)). In the first component, pe- riod is equal to the period of planets, 
Secular resonance dynamics of HD 200964 system
As in Section 5.2, we discuss the long-term variations of the eccentricities of the planets by secular theory with MMR. Now we discuss the secular theory of HD 200964 system by considering all two planets. After some calculation, the solutions for the eccentricities can be written as
where the frequencies gi (i = 1, 2) are the eigenvalues of the coefficient matrix A and eji are the components of the two corresponding eigenvectors. The normalization of the eigenvectors and the phases βi can be determined by the initial conditions. The amplitude of forcing will be same as in Eq.(23) but B will be changed which is B = [A−(4n2 −3n1)I] and E1 = −
. For this system, we obtain the eigenfrequencies, g1 = 2.16821×10 −2 rad yr −1 and g2 = 8.94711× 10 −4 rad yr −1 together with β1 = 0.247833, β2 = 0.502108 and F1 = 4.3939 × 10 −2 , F2 = −9.84327 × 10 −2 . The evolution of the eccentricities of the two planets HD 200964b and HD 200964c are depicted in Fig. 11 . Table 4 . Physical and orbital parameters of the Kepler-11 system corresponding to the best fit of (Lissauer et al. 2011) .
Parameter
Kepler-11b Kepler-11c ments are θ1 = 5λ2 − 4λ1 − ω1 and θ2 = 5λ2 − 4λ1 − ω2, where λ1 and λ2 are the mean longitudes of Kepler-11b and Kepler-11c, respectively. For this system, the plots of the resonant angles θ1, θ2 and the relative apsidal angle against time are shown in curves (a), (b) and (c) (in Fig. 16 ). Similarly, we see that for this system also θ1 librates around 0 rad with an amplitude of ±1.6 rad and θ2 librates around 0 rad with an amplitude of ±1.3 rad. Obviously, these results confirm that the two inner pair of observed planets, Kepler11b and Kepler-11c of Kepler-1l system lie in 5:4 MMR. The libration of ∆ω around 0 rad with an amplitude of ±0.32 rad also means that the system is in apsidal co-rotation.
Similarly, if we put r = 4 in Section 3, we can obtain the perturbation equations for the time variation of the orbital elements. In this case, we also integrate Eqs.(11) and (12) and then variations of the semimajor axes are given by a1(t) = a1,0 + δa1(t), a2(t) = a2,0 + δa2(t), where
Using the numerical values of parameters given in Table 4 , we can calculate mean motion nj = 2π P j , j = 1, 2 where j = 1 means planet Kepler-11b and j = 2 for Kepler-11c. Similar to the previous two systems in this case, we have also seen that there are two components for the variations in the semimajor axes. The period in the first component is equal to the period of the planets, 
In Fig.13 , curve (I) represents the time variation of semimajor axis of planet Kepler-11b for the time interval t ∈ (0, 1) and curve (II) is for long time t ∈ (0, 10000). For the same time interval, we have shown the time variation of the semimajor axis of planet Kepler-11c (in Fig.14) . Comparison between numerical and analytical solution of the semimajor axes of planets of Kepler-11 system for long time t ∈ (0, 10000) are shown in Fig. 15 Since we have used truncated disturbing function to first order in the eccentricities for the periodic terms and to second order for the secular terms neglecting the higher order terms, the discrepancies between the analytical and numerical results are expected (Fig.15 ).
Secular solution of Kepler-11 system
Now we discuss the secular theory of Kepler-11 system considering two planets Kepler-11b and Kepler-11c, where the two planets are in 5 : 4 MMR. In this case The solutions for the eccentricities can be written as
eji sin(git + βi) + Fj sin(5λ2 − 4λ1),
eji cos(git + βi) + Fj cos(5λ2 − 4λ1), (38) also for this case B = [A − (5n2 − 4n1)I]. With the numerical values (from Table 4 ) and using the theory discussed in Section 4, for this system, we obtain g1 = 7.31037 × 10 −2 rad yr −1 and g2 = 1.53994 × 10 −3 rad yr −1 together with β1 = −0.397394 rad, β2 = −0.0312697 rad, and F1 = 2.84641 × 10 −3 , F2 = −9.39297 × 10 −4 . The evolution of the eccentricities of the two planets Kepler-11b and Kepler-11c are depicted in Fig. (17) over a time span of 1000 yr which is derived from the above solution for eccentricities. It is clear from the figure that the periodicity occurs in the variation of eccentricities. It is also shows that the minimum in eccentricity of Kepler-11b coincides with the maximum of Kepler-11c and reverse is also true. Moreover, the eccentricity of Kepler-11b oscillates between 0.07633 and 0.1313 and eccentricity of Kepler-11c oscillates between 0.08769 and 0.1302.
CONCLUSIONS
In this work we have used general three-body problem as a model for the study of dynamics of exoplanetary systems. We have applied the latest stability criteria given by Petrovich (2015) to examine the stability of exoplanetary systems Kepler-62, HD 200964, and Kepler-11 . We have identified (r + 1) : r MMR terms in the expression of disturbing function and obtained the perturbations from the truncated disturbing function. It is found that the evolution of the resonant angles librates around constant value. Thus, according to this study, it is our opinion that 2:1, 4:3 and 5:4 near MMRs occur between Kepler-62e and Kepler-62f, HD 200964b and HD 200964c and Kepler-11b and Kepler-11c, respectively . We have obtained the orbital solution of planets of Kepler-62 system in the 2:1 MMR, planets of HD 200964 in 4:3 MMR and planets of Kepler-11 in the 5:4 MMR. We have found that the periodicity occurs in the variation of eccentricities. It is also observed that a minimum in eccentricity of Kepler-62e coincides with a maximum of Kepler-62f and opposite is also true. Moreover maximum in Kepler11b's eccentricity coincides with a minimum in Kepler-11c's eccentricity and conversely. A comparison is presented between the analytical solution and numerical solution.
Furthermore, the derived explicit analytical expressions would be used for the study of others newly discovered exoplanetary systems. Moreover, the work would be ex- Figure 16 . The evolution of the resonant angles θ 1 (a), θ 2 (b) and apsidal angle ∆ω (c) of Kepler-11 system. Note that θ 1 , θ 2 and ∆ω librate around 0 rad with an amplitude of ±1.6, ±1.3 and ±0.32 rad, respectively.
tended by considering additional planets (such as Kepler62c, Kepler-11e) which negligibly perturb the pair of modelled planets in each system with the help of fully N -body simulations.
